A rigorous constraint analysis on cosmic inflation entails several probes which collectively survey an extensive range of energy scales. We complement the cosmic microwave background data with an updated compilation of the cosmic abundance limits of primordial black holes, with which we infer stringent constraints on the runnings of the scalar spectral index. These constraints are notably improved by further including imminent measurements of the cosmic microwave background spectral distortions, clearly illustrating the effectiveness of joint large-scale and small-scale cosmological surveys.
Measurements of the anisotropies in the cosmic microwave background (CMB) radiation placed very tight constraints on the parameters of the ΛCDM model [1] , and provided evidence that cosmic inflation [2] [3] [4] [5] [6] [7] describes well the dynamics of the early Universe (see e.g. Refs. [8] [9] [10] [11] and references therein). We will be focusing on possible small-scale departures in a generic profile of the primordial curvature power spectrum from the nearly scale-invariant spectrum that is very well-constrained on the large-scales. Such a deviation could be simply addressed by including higher-order parameters of the primordial curvature power spectrum which are often neglected, since, as we will show, the large-scale probes of the Universe are not very sensitive to these parameters. We will demonstrate that by jointly considering large-scale and small-scale data sets, we can place robust constraints on the physics of the early Universe not accessible by any other means.
In the following, we will discuss the cosmological consequences of tiny departures from the Planck energy spectrum of the CMB radiation, leading to spectral distortions [12] [13] [14] [15] [16] in the CMB radiation spectrum. This offers a crucial window on the primordial power spectrum at small-scales, and we explicitly show its impact on current inflationary constraints by adopting forecasted spectral distortion measurements. Furthermore, we will be making use of early Universe constraints arising from the non-detection of primordial black holes (PBHs) [17] [18] [19] [20] . We remark that the spatially-flat Friedmann-Lemaître-Robertson-Walker metric is assumed.
CMB spectral distortions.-Apart from the cosmic signatures contained within the CMB anisotropies, the energy spectrum of the CMB provides us with invaluable information about the thermal history of the Universe at very early times. There are several physical mechanisms which could lead to an energy release in this primordial era, such as decaying relic particles [21, 22] , and annihilating particles [23, 24] . We will be considering two scenarios that are present in the standard model of cosmology: the adiabatic cooling of electrons and baryons, together with the dissipation of acoustic waves. The latter mechanism arises from the Silk damping [25] of primordial small-scale fluctuations leading to an energy release in the early Universe. Consequently, inevitable spectral distortions of the CMB spectrum [12] [13] [14] [15] [16] are produced, which are sensitive to the underlying functional form of the primordial power spectrum. In this analysis we will be interested in those modes 50 Mpc z 2 × 10 6 producing a small residual chemical potential. As long as Compton scattering is still able to achieve full kinetic equilibrium with electrons, the CMB spectrum is able to regain a Bose-Einstein distribution with chemical potential µ, and occupation number n BE (x ≡ h P l ν/k B T γ ) = 1/(e x+µ −1), with T γ denoting the CMB temperature, k B is Boltzmann's constant, and h P l is Planck's constant. In general, µ will be frequency-dependent due to the creation of photons at low frequencies, although experiments like the Primordial Inflation Explorer (PIXIE ) [26] are expected to probe the high frequency spectrum (30 GHz ≤ ν ≤ 6 THz), in which the chemical potential is constant [27, 28] . At higher redshifts z 2 × 10 6 , double Compton scattering, bremsstrahlung and Compton scattering are so efficient that the thermalization process ensures that for nearly any arbitrary amount of energy injection, no spectral distortion should remain today [15] . At lower redshifts z 10 4 − 10 5 , the Compton redistribution of photons over the entire spectrum is too weak to establish a Bose-Einstein spectrum, resulting in a y-distortion. Since y-type spectral distortions continue to be created throughout the late-time epoch of the Universe, we will marginalize over it in our analysis.
At redshifts well before the recombination era (z 10 4 ), one can use the tight coupling approximation to compute the energy injection rate from the photonbaryon fluid acoustic wave dissipation, given by [29] [30] [31] 
where the primordial power spectrum is defined by
41 denoting the contributions of massless neutrinos (ρ ν ) to the energy density of relativistic species. For the CMB and µ-distortion shaded regions we plot ∆
at the redshift of the lastscattering surface zLSS = 1100, and its difference between z th and zµ, respectively. For the PBH shaded region, we illustrate the full compilation of the constraints on β (MPBH) (see Eq. (14)), as reported in Ref. [33] .
The phenomenological parametrization of the curvature power spectrum of scalar perturbations in the comoving gauge P ζ , is given by [32] 
where A s is the scalar amplitude, n s denotes the scalar spectral index, and α s , β s , and γ s are the runnings of the scalar spectral index. We assume that these parameters are all specified at the pivot scale k 0 . Although one could consider additional higher-order terms in the above exponent, current data sets are unable to place limits on these parameters, and we therefore restrict our analyses up to β s . We further define the dimensionless primordial power spectrum by
and the photon damping scale by [25, [34] [35] [36] 
where n e is the number density of electrons, σ T is the Thomson scattering cross-section, c is the speed of light, H is the Hubble parameter, and R = 3ρ b /(4ρ γ ) ≈ 673(1 + z) −1 is the baryon loading with ρ b and ρ γ being the baryon and photon energy densities, respectively. We remark that, for a given k-mode, energy release happens
Apart from the Silk damping contribution to the effective µ-distortion, another relatively smaller contribution arises from the adiabatic cooling of ordinary matter which continuously extracts energy from the photon bath via Compton scattering in order to establish an equilibrium photon temperature. This leads to a negative µ-distortion of O(10 −9 ), where the tiny magnitude of this energy extraction from the CMB (dQ/dz| cool ) is due to the fact that the heat capacity of the CMB is much larger than that of matter. We follow Refs. [27, [37] [38] [39] for the computation of this effective energy extraction history.
Several methods have been implemented for the computation of the µ-distortion parameter [33, 39] , and we therefore briefly describe our methodology. Given the energy release history 1 composed of the damping of primordial small-scale perturbations along with the adiabatic cooling of ordinary matter, we can compute the spectral distortion via [13, 14, 31, 41] 
where ∆ρ γ /ρ γ | µ denotes the effective energy release in the µ-era, and dQ/dz is the sum of dQ/dz| ac and dQ/dz| cool . We take the upper integration limit of Eq. (5) sufficiently behind the thermalization redshift z th , in order to take into account that the thermalization efficiency does not abruptly vanish at the thermalization epoch. The transition redshift between the ydistortion epoch and the µ-distortion epoch is set by defining the transition redshift z µ in Eq. (5). As described in Ref. [42] , a (nearly) pure µ-distortion is created at y γ y max γ = 2, corresponding to z µ ≈ 2 × 10 5 , where the Compton parameter is defined by
in which the electron mass is denoted by m e . In what follows, we will compute the µ-distortion amplitude by setting the transition redshift in Eq. (5) equal to the inferred redshift from Eq. (6), such that y γ (z µ ) ≈ y max γ . Finally, we adopt the distortion visibility function J µ = e −τ (z) of Ref. [28] , where τ (z) is the effective blackbody optical depth. This ensures that the small µ-distortion contribution produced at z z th is also taken into account. Fig. 1 illustrates the scales probed by various experiments including the µ-distortion measurements, where we plot the normalized dimensionless primordial power spectrum (3) . We here use the k-space window function 43, 44] , which accounts for the thermalization process.
Formation of PBHs & summary of constraints.-Interest in PBHs as dark matter candidates [20, 45, 46] has flourished after the first direct detection of gravitationalwaves [47] , since the source's black hole masses were found to be inconsistent with the typical binary black hole masses that are created from Population I/II main sequence stars [48] [49] [50] [51] . After the discovery of similar binary black hole mergers [52] [53] [54] [55] [56] , the plausible detection of PBHs was gaining ground.
The mechanism behind the formation of PBHs is most likely to be the same phenomenon that shaped the largescale cosmic structure -one possibility is indeed from the gravitational collapse of significantly large density fluctuations (δρ/ρ ∼ O(1)) that re-enter the horizon during the radiation-dominated era and cannot be overcome by the pressure forces. It is well-known that with a blue spectrum one can produce PBHs, since in this case there is an increase in power on the smallest-scales, particularly on the length scales relevant for PBH formation [57, 58] . In our case we will be using the runnings of the scalar spectral index (refer to Eq. (2)) so that the amplitude of the fluctuations is allowed to increase on the smallscales. As shown in Fig. 1 , the inclusion of the current PBH constraints in our joint data sets would enable us to confront cosmic inflation across a very wide range of length scales.
We now briefly discuss our implemented procedure which incorporates the current PBH constraints, as depicted in Fig. 1 . Provided that at horizon crossing (i.e. R = (aH) −1 , with a being the scale factor), the relative mass excess inside an overdense region with smoothed density contrast δ hor (R), is greater than a critical threshold δ c ∼ 1/3 [59] , the region will collapse to form a PBH. We will be using δ c = 1/3 (see Refs. [60, 61] for further details), and we introduce an upper limit for the density contrast of δ hor (R) 1 that arises from the possibility of very large density perturbations to close up upon themselves and form separate Universes [18, 20, 59, 62] (see also Ref. [63] ), although the choice of this upper limit does not alter the abundance of PBHs due to the rapidly decreasing integrands above δ c . We also consider Gaussian perturbations with the probability distribution of the smoothed density contrast P δ (δ hor (R)), which is given by
where the mass variance of the above probability distribution function is given by
with W (kR) being the Fourier transform of the window function that is used to smooth the density contrast, and P δ (k) denotes the power spectrum of the density contrast. In this work we will be using a Gaussian window function (see Refs. [64, 65] for other alternatives) specified by
We then use the relationship between the power spectra of the density contrast and that of the primordial curvature perturbation P R (k), given by [66] 
where j 1 (X) is the spherical Bessel function of the first kind. We note that the last quantity in Eq. (9) is identical to the dimensionless power spectrum of Eq. (3). However, since the integral of the mass variance of Eq. (8) is dominated by the scales of k ∼ 1/R, we will assume that over this restricted range of local k-values being probed by a specific PBH abundance constraint, the primordial curvature perturbation power spectrum is assumed to be given by a power-law [67, 68] 
with k R = 1/R and
The effective spectral indices n s (R) and n(R) describe the slope of the power spectrum at the local scales of k ∼ k R , and the normalization of the spectrum at k R k 0 , respectively. These are related to the primordial curvature power spectrum parameters defined at the pivot scale k 0 , as follows where Eq. (12) is derived by comparing Eq. (11) with Eq. (2), whereas for the definition of n s (R) we used the derived expression of n(R) along with the condition of
This approach significantly optimized our computations, without altering our results. The final link in the chain is the relationship between the initial PBH mass fraction
, at the time of PBH formation t i , and the mass variance. In the Press-Schechter formalism [69] , this relationship between the PBH initial mass fraction and the mass variance, is given by
where erfc(X) is the complementary error function. In Eq. (14) we adopted the assumption that the PBHs form at a single epoch and that their mass is a fixed fraction γ, of the horizon mass M H = (4π/3)ρH −3 , such that M PBH = γ M H . The Friedmann equation in a radiationdominated era reduces to H 2 ≈ (8πG/3)ρ, with ρ denoting the total radiation energy density and G is Newton's gravitational constant, leading to the approximate relationship of M PBH ≈ 1.97 × 10 5 γ (t/1 s)M . The latter relationship clearly shows that PBHs span a huge mass range, that is determined by their time of formation, which features in the PBH abundance constraints. Moreover, we make use of γ ≈ 3 −3/2 [59] , which is derived from simple analytical calculations, although it depends on the details of the gravitational collapse mechanism. Finally, the above Friedmann equation in the radiation-dominated epoch along with cosmic expansion at constant entropy (ρ ∝ g −1/3 * a −4 [70] , with g * denoting the number of relativistic degrees of freedom), imply that
where M H,eq is the horizon mass at matter-radiation equality, the comoving wavenumber at equality is denoted by k eq , and a eq is the cosmic scale factor at equality. Thus, the crucial relationship between the PBH mass and the comoving smoothing scale R, is given by
where we used g * ,eq ≈ 3.36 as the number of relativistic degrees of freedom at the time of matter-radiation equality.
From the full compilation of the β (M PBH ) constraints presented in Fig. 1 , we derive an upper bound on σ δ (R) by inverting Eq. (14) . We then compute the mass variance for the given set of cosmological parameters using Eqs. (8)- (13), and check if the inferred scale-dependent upper bound on the mass variance is satisfied over all PBH mass scales. Further details regarding these PBH constraints which are all associated with various caveats [1, 57, , can be found in the companion article [33] .
Implications for cosmic inflation.-We now infer the posterior distributions and the confidence limits (CLs) on the primordial power spectrum parameters of Eq. (2). We further vary Ω b h 2 , the cold dark matter density parameter Ω c h 2 , the ratio of the sound horizon to the angular diameter distance at decoupling θ s , and the reionization optical depth τ reio , for which we specify flat priors.
We created the Markov chain Monte Carlo (MCMC) samples using a customized version of CLASS [92] along with Monte Python [93] , and then fully analysed the chains with GetDist [94] . Moreover, we inferred the µ-distortion via importance sampling of the MCMC samples implemented in the GetDist routine, where we accurately calculated the free electron fraction X e , by interfacing the modified IDISTORT code [42] with the primordial recombination HyRec code [95] .
Further to the PBH constraint of Fig. 1 , which was implemented via a step-function likelihood, we will be using the Planck 2015 temperature and polarization (TT, TE, EE) high-and low-likelihoods [96] , along with the lensing likelihood [97] . We will refer to the Planck joint likelihoods by Planck + lensing. Moreover, we will further consider a background data set which we denote by BSH. This consists of baryon acoustic oscillation measurements [98] [99] [100] [101] [102] , a supernovae Type Ia sample [103] , and a cosmic chronometers data set [104] [105] [106] [107] [108] [109] .
In order to study the implications of prospective measurements of the µ-distortion, we make our forecast around the ΛCDM prediction [110, 111] , in which we post-process the Markov chains with a Gaussian likelihood considering µ fid = (1.48 ± 1.00/n) × 10 −8 for an n×PIXIE sensitivity, where we set the fiducial mean value to coincide with the derived mean-fit value in the ΛCDM scenario. We have set the 1σ error of µ fid to be in agreement with the reported 1×PIXIE -type experiment uncertainty of Refs. [26, 41] , whereas a 10×PIXIE spectral sensitivity could possibly be reached by a PRISMlike [112] experiment. We also examine a very optimistic 15×PIXIE -type experiment in order to discuss its quantitative improvement on our constraints.
In the ΛCDM + α s + β s model, we find that the largescale data sets favour positive α s and β s , as depicted by the dashed confidence region of Fig. 2 . In the case of α s , the derived constraint is in a very good agreement with a null running of the scalar spectral index (< 1σ), however β s is found to be greater than zero at ∼ 1.4 standard deviations. Thus, in this extended model, it is evident that these positive values of α s and β s will be able to significantly increase the power on the small-scales. As a result, the PBH constraint is crucial in this case since the PBH abundance constraint, although relatively weak, will not allow for these positive values of the runnings of the scalar spectral index. Indeed, when we confront the ΛCDM + α s + β s model with the Planck + lensing + BSH + PBH joint likelihood, the PBH upper bound is able to push the constraints on both α s and β s to negative values, which are found to be consistent with zero at less than one standard deviation.
In Table I we present the 68% CLs for this model, and in Fig. 2 we illustrate the remarkable shrinking of the marginalized contours when we consider the large-scale data sets along with the crucial information from the small-scales. The 68% CLs on the running-of-the-running of the scalar spectral index are −5×10 −4 (Planck + lensing + BSH + PBH + 15×PIXIE ), implying that the small-scale data can robustly constrain higher-order parameters of the primordial curvature power spectrum.
Conclusion.-By combining the CMB anisotropies data with the small-scale constraints from the abundance of PBHs along with prospective µ-distortion measurements, we placed tight limits on the higher-order parameters of the primordial power spectrum. We showed that these independent probes are able to exclude a significantly large portion of the currently viable region in the α s -β s plane that is solely inferred from large-scale experiments, possibly ruling out a number of cosmic inflationary models. Thus, a better understanding of the physics of PBHs along with future surveys that would be able to probe the thermal history of our early Universe and the primordial gravitational-wave spectrum across several decades in frequency [113] [114] [115] [116] [117] [118] , are paramount for constraining the plethora of governing theories of the early Universe.
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